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— Lelter from the Editor

Hello Mathematics Friends!!!

| am so proud to present to you this special issue, “The Evolution of Technology in Mathematics.” As | stated in
the spring issue, we are living in a time in which the technology available to all students, and because of this, the
mathematics classroom seems to be changing almost daily! The interplay between mathematics and technology
cannot be overlooked, nor overemphasized. This was the impetus for this issue.

This issue features perspectives from classroom teachers and teacher educators and focuses on topics from fraction
bars to using Al for class discussions. | hope you will enjoy these articles as much as | have!

Our next regular issue is coming in the spring of 2025. Be sure to submit your Lesson Seeds, Applications of
Research to Practice, Research Briefs, and Book Reviews by February 28 in order to be published in this issue. Again,
ALL VOICES ARE WELCOME - new, veteran, pre-service, in-service, coaches, administrators, consultants, and even
cross-curriculum colleagues!!

Itis a such a pleasure to serve you, the Maryland Council of Teachers of Mathematics, as Editor of The Banneker
Banner.

For the love of mathematics,

We need your
voice!

The Banneker Banner welcomes
submissions from all members of
the mathematics education
community. All submissions
should be relevant, interesting,
and useful to teachers of

mathematics in Maryland.

We're accepting articles
focused on:
« Lesson seeds
= Applications of research to
practice
Research briefs
Book reviews
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Applications of Research to Practice
Chatting with ChatGPT: Artificial Intelligence
Assisting with Interdisciplinary Mathematics Lessons

Dausny Gysela Cruz, Sarah Frasso, Sarah Bedner, Amanda Gantt Sawyer, and Dan Sawyer
James Madison University

Abstract
In this article, we discuss how to help mathematics teachers implement interdisciplinary lessons using a tool
called ChatGPT, an artificial intelligent chatbot. We offer suggestions on how to do this effectively and
considerations based on the fact that this new technology has bias issues.

Introduction
Researchers have identified that the best way to teach mathematics is by engaging students in authentic activities
that show why mathematics is needed in their everyday lives (e.g., Czerniak et al., 1999; Sawyer & Lupo, 2022).
When our subjects are taught in silos, students cannot fully see the importance of mathematics in the real world.
However, we know this process is difficult to implement. Creating interdisciplinary lessons and units takes time,
and it can be difficult to develop a topic with meaningful mathematics instruction with the incorporation of other
standards in the same grade level. Consequently, we believe that we have a concept that can be applied and
investigated to help support teachers in their construction of interdisciplinary lessons by utilizing artificial
intelligence to gather resources and generate creative ideas for cross-content lessons.

ChatGPT in the Classroom
Since its introduction on November 30, 2022, ChatGPT has been used by students to help answer homework
problems, write papers, and search for information in their classes. We believe this resource can also be used by
teachers, especially in their lesson-planning processes and specifically when creating interdisciplinary lessons. As
seenin Figure 1, ChatGPT provides full mathematics lesson plans by just asking a question, automatically providing
the following components: lesson title, grade level, duration, learning objectives, materials, introduction,
exploration and explanation, guiding practices, independent practice, application, closing, assessment, and
extension activities. Although ChatGPT provides a comprehensive overview of the lesson plan, we know that
ChatGPT has many issues, including accuracy, bias, and plagiarism issues (Newton, 2023; Wu, 2023). For instance,
Figure 1 shows the output of a lesson plan that illustrates various mathematical practices, such as activating
students' prior knowledge, unpacking the subtraction process, utilizing explicit instruction, and modeling the
subtraction process; plus, finding possible instructional time for students to identify real-life scenarios involving
two-digit subtraction. Yet ChatGPT does not recognize instances where the concept of regrouping may be
unnecessary. To demonstrate, step four of the sample lesson plan states that the practitioner should introduce
the concept of regrouping by teaching students how to subtract 58 - 34. However, this mathematical equation
does not accurately depict an example of two-digit subtraction that requires regrouping as the digits 5 and 8 are
both greater than the digits 3 and 4, respectively. Rather, this equation represents a standard two-digit
subtraction problem that would be taught prior to instruction about regrouping.
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—— Chatting with ChatGPT (continued)

Figure 1
Example of Lesson Plans in ChatGPT

Question to ChatGPT: Create a conceptual engaging lesson plan to teach two digit subtraction with regrouping.

ChatGPT's response:
**esson Title:** Exploring Two-Digit Subtraction with Regrouping

**Grade Level:** 2nd Grade
**Duration:** 45-60 minutes

**Learning Objectives:**

- Students will understand the concept of regrouping in two-digit subtraction.

- Students will practice two-digit subtraction with regrouping through hands-on activities and real-life scenarios.
- Students will be able to solve two-digit subtraction problems independently.

**Materials: **

- Whiteboard and markers

- Two-digit subtraction flashcards

- Base-ten blocks

- Worksheets with subtraction problems
- Pencils and erasers

- Counters or small objects (optional)

**Introduction (10 minutes): **

1. Begin by writing a two-digit subtraction problem without regrouping on the whiteboard. For example: 43 - 27.

2. Ask the students to solve the problem using their prior knowledge and share their answers.

3. Discuss the subtraction process, emphasizing that when we subtract, we start from the rightmost digit and move to the left.

**Exploration and Explanation (15 minutes):**

4. Introduce the concept of regrouping by writing a subtraction problem that requires it. For example: 58 - 34.

5. Explain that when we subtract, sometimes the top digit (the minuend) is smaller than the bottom digit (the subtrahend), so we
need to regroup or borrow from the tens place.

6. Use base-ten blocks to demonstrate regrouping. Show how to exchange a ten-unit block for ten ones.

7. Solve the problem together step by step, discussing each step thoroughly. Emphasize that regrouping occurs when the minuend
digit is smaller than the subtrahend digit.

**Guided Practice (10 minutes):**

8. Distribute subtraction flashcards to the students, ensuring some of them involve regrouping.

9. Work through a few problems together as a class. Encourage students to think aloud while solving and discuss their thought
processes.
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Chatting with ChatGPT (continued)

Figure 1 (continued)
Example of Lesson Plans in ChatGPT

**Independent Practice (10 minutes): **

10. Provide worksheets with two-digit subtraction problems, including some with regrouping.
11. Students work independently on solving these problems.

12. Circulate the room to provide assistance and monitor progress.

**Application (5 minutes):**

13. Discuss real-life scenarios where subtraction with regrouping might be necessary, such as buying items at a store or
measuring ingredients for a recipe. Encourage students to think about when they might encounter such situations in their daily
lives.

**Closing (5 minutes):**

14. Ask a few students to share their experiences in solving problems with regrouping and how they might use this skill in
everyday life.

15. Summarize the key points of the lesson, emphasizing the importance of understanding regrouping in subtraction.

16. Assign homework that includes more subtraction problems with regrouping to reinforce the concept.

**Assessment: **
- Assess students' understanding through their participation in class discussions, their ability to solve problems on their own,

and their completion of the homework assignment.

**Extension Activities (optional):**

- Create a "Subtraction with Regrouping” game where students practice regrouping in a fun and interactive way.

- Have students work in pairs to create their own two-digit subtraction problems with regrouping and exchange them with a
partner to solve.

- Explore online interactive math games and resources that reinforce subtraction with regrouping.

In addition, in step five, the practitioner must be aware of the outdated mathematical languages used in ChatGPT,
such as "borrowing," as well as the possible misconceptions that students may attain from the lesson, as the
emphasis on "regrouping and borrowing from the tens place" may cause later confusion once students begin to
subtract three-digit numbers. Lastly, ChatGPT generates limited real-life examples, as seen in the "Application”
section, providing general examples that involve "two-digit subtraction" such as "buying items at a store," without
providing more specific examples of what "regrouping may look like when buying an item at a store," leaving the
teacher to think and create their own examples of "regrouping in a store setting" due to the current limitations of
ChatGPT of providing concrete real-life examples. Thus, it is the teacher's professional responsibility to evaluate
Al lesson plans for accurate mathematical expressions and language and use their knowledge of the best
pedagogy and knowledge of their students to support their classroom best. However, with the assistance of
ChatGPT, new ideas and new ways to think about engaging and presenting mathematical concepts and skills will
enable teachers to make their lessons engaging and allow them to develop and incorporate deeper and higher
levels of thinking into their lessons, particularly with interdisciplinary lessons as we will uncover!
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My Classroom Experience with Lesson Planning
During my time as a practitioner, lesson planning norms were established mainly by building-level administration.
Early in my career, | taught in a school on a state-sanctioned improvement plan, so explicit planning for specific
aspects of instruction was required for our weekly lesson plans, along with additional scrutiny and oversight. While
lesson planning time was set aside for math each week, much of our planning was done before and after our
meetings. Lesson planning time was mainly spent collating resources, activities, and preconstructed lessons and
placing them into the overall unit plan. Then, using that as a guide, we would plan our weekly lesson plans. Nearly all
our curricular items were stored digitally; by the time a weekly lesson plan was completed, it represented a
comprehensive hyperdoc of all our personal and online resources we planned to employ throughout the week.
Since most practitioners are retrieving and teaching materials from a nearly completely digital curriculum base,
integrating Al into such a domain is not only feasible but readily available. Therefore, we suggest teachers use new
technology like ChatGPT to enhance, critique, and provide an alternative perspective on what has already been
constructed and used in the field.

Interdisciplinary Lessons
Educators can also use ChatGPT to create interdisciplinary lesson plans, enriching students' understanding of the
value and applicability of math in our lives. For instance, upon the request to develop a lesson plan that blended
history and math with a focus on population growth, ChatGPT provides online resources of websites of what other
educators have done. Some of these recommendations include website suggestions that provide educators with
further activities and lessons tied to population growth or platforms that support explorative learning, enabling
students to apply their historical knowledge and blend it with their ability to use mathematical concepts to
understand and explain the impacts as well as the changes and factors that might have contributed to population
growth and decline as seen in Figure 2.

Figure 2
ChatGPT’s Suggested History-Math Blended Resources (November 10, 2023)

Question to ChatGPT: what are some great resources on linking how math can be used in history with possible tasks for students
to solve

ChatGPT's response: Certainly! Here are some suggestions and resources to teach about population growth, blending both math
and history:

**1. Historical Population Data:**
- Explore historical population data sets from reputable sources. The United Nations, World Bank, and other organizations often
provide historical population statistics by region and country.

**2. Population Pyramids:**

- Use population pyramids to visually represent population structures over time. Compare pyramids from different historical
periods and regions to analyze demographic trends. You can find historical population pyramids on websites like World Population
Review or create your own using demographic data.
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Figure 2 (continued)
ChatGPT’s Suggested History-Math Blended Resources (November 10, 2023)

**3. TED-Ed Lessons:**
- Check out TED-Ed lessons related to population growth and historical demographics. TED-Ed offers animated lessons that
combine engaging visuals with educational content.

- [How Do Population Pyramids Work?](https://ed.ted.com/lessons/how-do-population-pyramids-help-us-learn-about-history-
kim-preshoff)

**4. Gapminder:**
- Gapminder provides interactive visualizations of global trends, including population growth. The Gapminder World tool
allows students to explore and compare data on population, income, and life expectancy over time.

- [Gapminder World](https://www.gapminder.org/tools/)

**5. Population Education Resources:**
- Population Education, a program of Population Connection, offers educational resources, lesson plans, and activities related
to population dynamics. These resources often integrate math and history.

- [Population Education](https://populationeducation.org/)
**6. World Population History:**

- Explore the World Population History website, which provides interactive maps and timelines to visualize population growth
throughout history. The site also includes informative articles and graphics.

- [World Population Historyj(https://worldpopulationhistory.org/)
**7. National Geographic Education:**

- National Geographic offers a variety of resources related to population growth and geography. Their educational materials
often incorporate historical perspectives and mathematical concepts.

- [National Geographic Education](https://www.nationalgeographic.org/education/)
**8. PBS LearningMedia:**

- PBS LearningMedia features multimedia resources for teachers. Explore their collection of videos, lesson plans, and
interactive activities related to population growth and history.

- [PBS LearningMedia](https://www.pbslearningmedia.org/)
**9. Khan Academy:**

- Khan Academy provides online lessons on a wide range of subjects, including math and history. Explore their resources on

population growth, exponential growth, and historical events that influenced demographics.

- [Khan Academy](https://www.khanacademy.org/)
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Figure 2 (continued)
ChatGPT’s Suggested History-Math Blended Resources (November 10, 2023)

**10. Population Connection's World of 7 Billion:**
- World of 7 Billion, a program by Population Connection, offers educational materials, videos, and activities related to global
population issues. Their resources often include both historical context and mathematical concepts.

- [World of 7 Billion](https://www.worldof7billion.org/)

These resources can serve as a foundation for creating lesson plans that blend history and math in the context of population
growth. Feel free to adapt and combine these materials based on the specific needs and interests of your students.

Additionally, we can also provide the Al platform with two standards (in this case, blending math and science) that
closely align to provide a lesson that incorporates said standards into a single lesson, as seen in Figure 3. The two
objectives below were selected as both standards focus on the student's ability to create graphs that represent
data accurately using several categories (in this case, the lesson provided examples of categories from weekly
temperature to precipitation). Overall, the lesson plan successfully met the essential understanding of the lesson
plan as the transition between the various activities allowed for gradual release for students to move from
understanding to interpreting data.

Additionally, Figure 3 offers a higher-order thinking task listed under “Extension,” which allows students to further
explore and engage with these learning objectives in a real-world context through meaningful learning tasks of
comparing and contrasting other weather partners in different regions through graphs and researching how
human activities may impact the weather, inviting discussion of environment sustainability. Although this lesson
plan did not offer examples of data, graphs, or websites to find statistics, it exhibits how Al may provide
practitioners with a backbone and ideas on how to approach instruction and enrich the lesson. However,
practitioners must be aware that creating interdisciplinary lessons that may use standards that are not as closely
aligned as the standards used in Figure 3 may result in some inaccuracy within content and examples,
nonetheless, ChatGPT may offer resources or creative ways to link the two standards. Nonetheless, as always,
teachers must critique what the chatbot provides and meet the needs of their students, but overall, ChatGPT
quickly offers examples and resources for interdisciplinary use.

Warning in the Classroom
When looking to utilize Al like ChatGPT for a classroom activity or lesson, many precautions should be known
before ethically implementing it with students. ChatGPT comes with a multitude of warnings and issues. Thus,
teachers must be aware of ChatGPT's discriminatory nature, especially when creating interdisciplinary lessons that
tie in real-world issues that involve differing opinions surrounding specific subjects. In fact, OpenAl, ChatGPT's
parent company, even acknowledges that “...ChatGPT can produce harmful and biased answers..." (Garling, 2023,
para 56). Therefore, we cannot take what is given as fact; math teachers must become peer reviewers of the
material first before implementing anything in their lesson
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Figure 3
ChatGPT’s Interdisciplinary Lesson Example (May 14, 2024)

Question to ChatGPT: Create a lesson plan including CCSS.MATH.CONTENT.3.MD.B.3 and 3-ESS2-1.
ChatGPT's response:

Lesson Plan: Weather Data and Graphing

**Grade Level:** 3

**Subject:** Mathematics and Science

**Duration:** 60 minutes

**Standards:**
- CCSS.MATH.CONTENT.3.MD.B.3: Draw a scaled picture graph and a scaled bar graph to represent a data set with several

categories. Solve one- and two-step "how many more" and "how many less" problems using information presented in scaled
bar graphs.

- NGSS 3-ESS2-1: Represent data in tables and graphical displays to describe typical weather conditions expected during a
particular season.

**Objective:**

Students will be able to represent weather data in tables and graphical displays, as well as interpret the data to describe typical
weather conditions during a particular season.

**Materials: **

- Weather data for a particular season (e.g., temperature, precipitation)
- Drawing paper

- Rulers

- Markers or colored pencils

- Worksheet with graphing problems

**Procedure:**

1. **Introduction to Weather Data (10 minutes)**
- Discuss the importance of collecting and recording weather data.
- Introduce the types of data that are typically recorded for weather (e.g., temperature, precipitation, wind speed).

2. **Weather Data Collection (15 minutes)**

- Provide students with weather data for a particular season (e.g., weekly temperature and precipitation data).
- Have students work in pairs or small groups to organize the data in a table.

3. **Constructing a Scaled Picture Graph (15 minutes)**
- Explain the concept of a scaled picture graph and how it can be used to represent weather data visually.
- Guide students in constructing a scaled picture graph to represent the temperature data for the season.
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Figure 3 (continued)
ChatGPT’s Interdisciplinary Lesson Example (May 14, 2024)

4. **Constructing a Scaled Bar Graph (15 minutes)**

- Introduce the concept of a scaled bar graph and how it can be used to represent data with bars of different lengths.
-Guide students in constructing a scaled bar graph to represent the precipitation data for the season.
5. **Interpreting Graphs (10 minutes)**

- Have students interpret the graphs they created, answering questions such as "What was the average temperature for the
season?" or "Which month had the most precipitation?"

6. **Conclusion (5 minutes)**
- Review the key concepts learned in the lesson: weather data collection, graphing, and data interpretation.
- Discuss how understanding weather data helps us predict and prepare for different weather conditions.

**Assessment: **

- Students will complete a worksheet with graphing problems related to the weather data, demonstrating their ability to
construct and interpret scaled picture and bar graphs.

- During the lesson, students' understanding of typical weather conditions during a particular season will be assessed through
their participation in data collection and graphing activities.

**Extension:**

- Students can explore how weather patterns vary in different regions and create graphs to compare weather data from
different locations.

- They can also research how human activities impact the weather and discuss ways to mitigate these impacts for a more
sustainable future.

ChatGPT 3.5 data was collected between 2015 - and September 2021, which means current information since
that point is not available. For example, as the passing of the Queen of England occurred a year after the
finalization of ChatGPT 3.5 data collection, at the time this article was written, ChatGPT did not know that the
current monarch of the United Kingdom was King Charles . With the tool not being able to pull from current
sources, ChatGPT can get tricky when looking at how to use it ethically and accurately in a classroom. Therefore,
the tool may not be useful when doing interdisciplinary lessons specifically focused on topics related to current
events, such as finding accurate, up-to-date information about the current water quality report or current events
in their community. It is up to the teacher as a professional in their field to make ethical and accurate decisions
regarding pairing Al usage with current events within their lesson plan.

Conclusion
If teachers utilize Al as a tool for inspiration and to gather resources, they can use the technology in a meaningful
way. Integration of any topic is difficult; thus, the support to harness the inspiration and material from Al in a
productive means may allow teachers to better support learners through fostering connections with real-world
topics and the ability to integrate multiple subjects when implementing meaningful activities to engage students in
mathematical concepts. Sometimes, all we need is to sit down and chat with something new to inspire us or
connect us with resources that will lead us to find and develop creative and better lessons for our math classroom.

10
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Lesson Seed
____ Fractions for All: Instructional Task Sequences
in a “Teaching Without Telling” Approach

Melike Kara Atas, Towson University

Abstract
This article introduces instructional task sequences aimed at enhancing conceptual understanding of fractions
through a "teaching without telling" approach. It emphasizes mental activities such as partitioning and iterating
within a measurement context, focusing on the fraction-as-a-measure meaning. Utilizing Cuisenaire Rods and virtual
manipulatives from the Mathsbot platform, the task sequences progress from physical to symbolic representations.
These sequences aim to build foundational knowledge and support students in developing their own understanding
of fraction concepts.

Introduction and Background
When teaching fraction concepts, do you often find yourself telling students the next steps in a solution process
instead of allowing them to determine the solutions on their own? Have you ever wondered how effective your
lessons are in reaching all students, and not just those who are already good at mathematics? Are you able to
support your students struggling with fractions or those facing strong anxiety about them? Despite decades of work
in mathematics education research, as well as its emphasis in the curriculum, students are still struggling to
understand fraction concepts. Data from the National Assessment of Educational Progress (NAEP, n.d.) consistently
provide evidence of students’ struggles with fractions. For example, according to the 2017 NAEP, only 32% of fourth
graders correctly determined which fractions were greater than, less than, or equal to the benchmark fraction, 1/2.
In the 2022 NAEP, only 26% of fourth graders accurately assessed the correctness of statements involving fraction
comparisons. Fractions are one of the primary and foundational content domains of the K-6 curriculum. Yet,
fraction instruction is often unsuccessful. The traditional show-and-tell instructional approach is not, nor should it
ever have been, the solution. A new approach is needed to foster mathematical understanding for fractions.

In this article, I share instructional task sequences for fractions that are designed with the “teaching without telling”
approach in a measurement context. The task sequences are informed by prior research work (Simon, Kara, Placa,
& Avitzur, 2018). The premise of that research was that if a mathematical topic can be taught with conceptual
understanding (e.g., being able to explain why a rule works), rather than procedural understanding (e.g., just being
able to apply the rule), then it should be possible to engineer a sequence of tasks that promotes conceptual
understanding without relying on the show-and-tell method. Using this lens, the task sequences shared in this
article were designed within the “teaching without telling” approach. In the “teaching without telling” approach,
students are provided with a sequence of tasks that begin by applying their current knowledge and build upon it by
solely engaging with these tasks. Using their current knowledge, students solve the tasks and progress in noticing
patterns that eventually enable them to explain the underlying logical necessities that create the rules and formulas,
ultimately developing their conceptual understanding. The instructional task sequences shared in this article focus
on mental activities, such as partitioning and iterating, by promoting fraction-as-a-measure meaning in a
measurement context. In the following sections, | explain these terms and then discuss the instructional task
sequences.

12
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Meanings of Fractions

Fractions have various meanings, including part-whole, measurement, division (quotient), operator, and ratio. Table
1 provides examples of these meanings in the context of 4/5. (Note: For formatting consistency, fractions are
written in this form throughout the article. Students should be presented with the traditional fraction symbols).
The Common Core State Standards for Mathematics (CCSS-M) illustrate the progression from the part-whole
meaning in earlier grades, such as 2.G.A.3 and 3.NF.1, towards the fraction-as-a-measure meaning in later grades,
such as 4.NF.4a (CSSI, 2010).

Table 1
Meanings of Fractions (adapted from Norton & Boyce, 2013)

Meaning Example representations for 4/5
Part-whole A whole is partitioned into five equal parts and four of those parts are shaded.
Measure Four iterations of a length 1/5 that when iterated five times would give a length of one unit
Division The amount each person would get when $4 were shared equally among five people
Operator A rule for making four-fifths of some other amount: 4/5 of 35 square meter
Ratio Four dollars per five cereal bars

In earlier U.S. textbooks, Alajmi (2012) found that only the part-whole meaning of fractions was emphasized.
Although the part-whole meaning is necessary to build fraction concepts in early grades, it is not sufficient for
advanced fraction topics (e.g., fractions greater than one) and does not help to build the understanding that
“fractions are numbers” on the number line. On the other hand, the fraction-as-a-measure meaning focuses on the
length of a bar, which facilitates a smooth transition to understanding fractions as numbers. This meaning has
proven to be promising in promoting conceptual understanding (Lamon, 2007) and addressing students’
difficulties in learning fractions (e.g., Simon, Placa, Avitzur, & Kara, 2018). For example, the representation of
fractions that are greater than one, such as 6/5, is compatible with the fraction-as-a-measure meaning, as 6/5 is
interpreted as six iterations of the partial unit, 1/5.

Measurement Approach

In this article, the fraction-as-a-measure meaning is explored in a particular measurement context, focusing on
the question: What happens if the unit does not measure the quantity an integer number of times? (e.g., Simon,
Placa, Avitzur, & Kara, 2018). It would mean that to be able to measure the quantity, we would need a partial uni,
such as 1/b, that is created by partitioning the unit into b number of pieces. Next, we would measure the quantity
by iterating the partial unit a times and identify the quantity as a/b of a unit long. (see Figure 1 for an example).
Note that the partitioning and iterating actions, as well as the size and number of pieces resulting from these
actions, are the mental actions involved in this approach.
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Figure 1
Description of a measurement context

Quantity 4/5

Unit Bar
1/5

The number of times the partial unit measures the quantity

4‘/ (Iterate the partial unit 4 times )

= of a unit
5 ---..___________). The number of times the partial unit measures the original unit

(Partition the unit into 5 equal pars)

Fraction Models
Fractions can be represented in area, length, or set models (see Figure 2 for example representations). Depending on
the meaning of the fraction, one model can be more beneficial than another. For the tasks discussed in this article,

the length model is the focus.

Figure 2
Fraction Models

Area model Length model Set model
Drawing rectangles, pattern Length representation or Discrete objects
blocks number line

| gos
~ | 506

Representation/Manipulative Selection

The primary purpose of using manipulatives is to aid activities that might not be immediately accessible to students
(either mentally or symbolically) but are foundational for understanding. Task sequences shared in this article will
facilitate a gradual transition from the use of manipulatives towards symbolic representations. Because the tasks
require both physical and mental actions, such as partitioning and iterating, the selected manipulatives should
support these actions.

The tasks in this article focus on utilizing Cuisenaire Rods, which are three-dimensional or virtual bars with varying
lengths. The virtual manipulative used in this article is “Rods” in Mathsbot (n.d.), a digital platform that provides a two-
dimensional version of Cuisenaire Rods. Figure 3 includes one set of rods for color reference and
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a key for their lengths. Although the website provides multiple features, such as a grid format, the platform’s basic
form without any grid will be used for the task sequences. The rods must be presented without numerical values
so that each bar can have any size unit determined in the task question.

Figure 3
Mathsbot Application: Rods

P IEELE
- | Reda Show Grid

[0 + |
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ke '.
EfD <« Lemgth > Values:
0 10 Lettors: -
[ Show Solution |
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Task Sequences
The task sequences shared in this article are designed to progress from building the meaning of fraction-as-a-
measure to more sophisticated fraction concepts. The tasks are modified to facilitate whole-class instruction,
which would allow for individual or small group work followed by whole-class discussion orchestrated by the
teacher. The initial sequence aims to familiarize students with partitioning and iterating actions, which will lay the
foundation for the rest of the task sequences. Note that only one task is provided for each type in the sequences;
multiple tasks should be created for each type if students need extensions or further practice. Templates of the
sequences are shared separately via a QR code at the end of this article. Potential solutions created in Mathsbot
are included as figures within this article.

Task Sequence 0. Generating Quantities with Partitioning and Iterating: Whole Numbers

This task sequence aims to help students understand how to approach “partitioning” and “iterating” actions using
Cuisenaire Rods. When partitioning a bar, students use other bars to create sub-parts. Similarly, when iterating,
students use bars of the same size multiple times. Therefore, it is important to provide students with additional
pieces. In virtual form, the iterating action can be conducted using the arrow pointing right (i.e., the “copy right”
button), which also allows the bars to be lined up. The “new bar” can be composed of several pieces, and students
can also add a bar and adjust its size by dragging it to match the result of partitioning or iterating. An example task
can be completed first with the whole class so students can understand the expectations and meanings of terms
like partition, iterate, and new bar.
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Figure 4
Solutions for Task Sequence 0

Task Sequence 0: Generating Quantities with Partitioning and Iterating: Whole Numbers

1. Thered bar is 1 unit long. Create a bar that has a length of 4 units.

2. The yellow bar is 1 unit long. Iterate the bar 3 times. How long is the new bar? 3 units long.

1 unit | 1 unit | 1 unit |

3. The pink bar is 3 unit long. Iterate the bar 4 times. How long is the new bar? 1.2 units long.

4. If you had a bar that was 6 units long and you iterated it 8 times, how long would it be? 48
units long.

| Gunits | Bunits | Bunits | Bunits | Bunits | Gunits | Gunits | 6units |

5. The dark green bar is 2 units long. Create a bar that has a length of 8 units.

6. The orange bar is 8 units long. Partition it into 2 parts and pull one bar out. How long is the
new bar? 4 units long.

8 units
4 units ] 4 units

4 units |

7. The blue bar is 12 units long. Create a bar that has a length of 6 units.

e

Junits | 3units | 3
| 3units | 3units |

VOL. 36, NO. 2

Figure 4 illustrates the task sequence with example solutions that were created in Mathsbot. The labels for the bars
are added to the solutions for further description and may not be necessary in the solutions created by students.
For Tasks 6 and 7, students are expected to decide the result of partitioning with a trial-and-error method. That
means, when partitioning the orange bar into two parts, they may try several bars until they decide that the yellow
bar gives them equal size partitioning. Such trial-and-error methods may be needed for the tasks in the later

sequences as well.
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Task Sequence 1. Building Fraction-as-a-Measure Meaning

The purpose of this task is to help students understand fraction-as-a-measure. The learning goal for this task can
be articulated as follows: To measure quantities smaller than a unit, fractions are necessary. The unit can be
partitioned into partial units. A partial unit measures the unit a certain number of times. The size of a quantity can
be specified by the number and size of a partial unit. Figure 5 includes the task sequence, as well as potential
solutions that were created in Mathsbot.

In Step 1, the white bar (i.e., the unit) measures each bar a whole number of times. Students iterate the bars to
measure the quantities. In Step 2, the measurement activity starts similarly to Step 1. The initial tasks of Step 2
build on the previously available activity, using the action of “iterating” to measure. Therefore, in Step 2, the
quantities to be measured are still greater than the unit. The light green bar measures the dark green bar and the
blue bar a whole number of times. However, when measuring the orange and brown bars, the need for a partial
unit arises. Students may describe the situation as, “Three light green bars and one small additional piece measure
the orange bar.” When asked to describe the additional piece in terms of the light green bar, they describe it by
partitioning the unit bar into sub-parts: “You will break the light green bar into three pieces and take one [or two]
of the pieces.” Eventually, if not already introduced, fraction language can be introduced as follows: “When a partial
unit measures the unit 3 times, we call the partial ‘one-third" and write it as 1/3.”

Figure 5
Solutions for Task Sequence 1

Task Sequence 1: Building Fraction-as-a Measure Meaning
Step 1: Using the white bar, measure the length of each bar.
Step 2: Using the light green bar, measure the length each bar.

Unit: White Bar Unit: Light Green Bar

——
e ——

10 units 3 units and an additional piece

[TLTTTTT] T ]

L

3
J
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Task Sequence 2. Generating Quantities with Partitioning and Iterating: Fractions

Building on the understanding promoted from the previous task sequences, the learning goal of this sequence is
explained with the following examples: When given a bar that is one unit long and asked to create a fraction, such as
5/8, we partition the bar into 8 pieces, knowing that each piece is 1/8 of a unit. If we pull out one piece and iterate it
5 times, the new bar is 5/8 of a unit long. Conversely, when given a bar with a fraction size, such as 4/7, and asked to
create a unit, we partition the bar into 4 pieces, knowing that each piece is 1/7 of a unit, and iterate the piece 7 times
to obtain 7/7 of a unit, which makes a complete unit. Figure 6 includes the task sequence, as well as potential
solutions that were created in Mathsbot.

Figure 6
Solutions for Task Sequence

Task Sequence 2: Generating Quantities with Partitioning and Iterating: Fractions
1. The dark green bar is one unit long. Make a bar that is 5/6 of a unit long.

|

5/6 of a unit

2. The red bar is 1/4 of a unit long. Iterate the bar 3 times. How long is the new bar?

3. The light green bar is 1/7 of a unit long. Make a bar that is one unit long.

nmn 1 177 17mn 17 1 1
One unit (7/7)

4. The blue bar is 3/5 of a unit long. Make a bar that is 1/5 of a unit long.

115 1/5 1/5

\j
=}
o

5. The brown bar is 2/3 of a unit long. Make a bar that is one unit long.

L

One unit (3/3)
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In a prior study, a similar task sequence was presented to a pre-service teacher, Nina (pseudonym). Nina
successfully completed Tasks 1 and 2, which involved creating a fractional quantity from a bar that is either one
unit long or a unit fraction amount. However, in Task 3, a reverse task of Task 1, when asked to create the unit from
a unit fraction, 1/7, instead of iterating the unit fraction, she partitioned the bar into 7 parts. When asked “1/7 of
what [unit]?”, Nina realized her mistake and correctly iterated the given bar to obtain the whole unit. Nina's initial
response to Task 3 highlighted a common struggle with reverse tasks. Similarly, when asked to create the unit from
a bar with a non-unit fraction (i.e., Task 5 type tasks), she again encountered difficulty in successfully solving the
tasks.

Figure 7
Analysis Chart for the Task Sequence 2

Partition and lterate

Unit Partition Unit fraction (%) Fraction (E)

Partition and Iterate

Nina's struggle indicated a misalignment between the original task sequence and her existing understanding,
suggesting that the original task sequence was not effectively building upon her current knowledge. This led to
further analysis of the task sequence illustrated in Figure 7. Tasks 1 and 2 are represented with arrows pointing to
the right, indicating forward reasoning. Task 3, requiring reverse reasoning and iterating action, is represented with
an arrow from a unit fraction to the unit pointing left. Task 4, requiring reverse reasoning and partitioning a proper
fraction to obtain a unit fraction, is represented with an arrow from the proper fraction to the unit fraction pointing
left. Finally, Task 5 is represented with an arrow from the proper fraction to the unit pointing left. The analysis
results demonstrated that supporting Task 4 reasoning was essential in enabling understanding for Task 5. Task 4
reasoning involves a partitioning action while considering the size of the bar as a collection of unit fractions.
Including such tasks that focus on creating a unit fraction from a bar with a measure of a/b helped Nina develop
reverse reasoning. The conclusion from these findings was that when designing task sequences, elements of
reverse reasoning tasks should be incorporated, as Nina's struggle demonstrated that these tasks are crucial for
building on students’ existing knowledge and fostering deeper conceptual understanding.

Closing Thoughts
The task sequences described here support students in constructing their own understanding of fraction concepts
by completing the task sequences and engaging in both mental and physical activities required in the tasks. It is
crucial that students progress successfully from one type of task to the next. If students struggle to reason
correctly in a particular task, it indicates they may lack the prerequisite understanding. In such cases, previous
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tasks should be revisited. This process is about supporting students in building their understanding independently,
instead of telling them what to do next. This approach accommodates students with varying levels of initial
knowledge, thus allowing them to learn at their own pace and according to their individual needs.

[=] A=
[=]

Resources: Task Sequences: https./tinyurl.com/4x3jrcih
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Lesson Seed
Exploring Fractions Concepts
with Virtual Fraction Bars

Drew Polly, University of North Carolina Charlotte

Background: The Benefit of Virtual Manipulatives
Learning technologies hold mathematical power to enhance the teaching and learning of concepts in multiple
ways. Specifically, learning technologies that are open-ended learning environments (OELESs) provide students with
a workspace and dynamic mathematical tools that they are able to use to examine mathematical situations and
generate representations of those situations. One type of OELE is virtual manipulatives. Moyer-Packenham and
Bolyard (2016) define virtual manipulatives as “an interactive, technology-enabled visual representation of a
dynamic mathematical object, including all of the programmable features that allow it to be manipulated, that
presents opportunities for constructing mathematical knowledge” (p.13). As is the case for all mathematics virtual
manipulatives, teachers can use the tool in various ways, ranging from unstructured exploration of the tool to
using the tool to solve a specific task. This lesson seed provides examples of both unstructured use of the tool as
well as a specific activity that uses the tool to support teaching and learning.

Research on the use of technology, including virtual manipulatives, in mathematics classrooms shows that
technology can support teaching and learning when it is used in ways linked to mathematical reasoning, problem
solving, and higher-level thinking skills (Howerton & Polly, 2023; McCulloch & Lovett, 2023; Zbiek et al., 2007).
Additionally, studies have found that the use of virtual manipulatives can greatly benefit student learning (Moyer-
Packenham & Westenskow, 2013; Polly, 2016; Polly & Martin, 2024a; Urbina & Polly, 2017).

Lesson Seeds about Virtual Fraction Bars in Fourth Grade
The next section includes lesson seeds (vignettes) that describe the use of Virtual Fraction Bars on Polypad
(https://polypad.amplify.com/p/HytFI8OHCN7zQ#fraction-bars), virtual mathematics manipulatives that allow for
the exploration of fraction concepts. These lesson seeds and vignettes originate from two different fourth-grade
classrooms with students who vary in terms of both socioeconomic status and ethnicity. Data from a recent
assessment on fractions indicated that approximately half of the class was still working on foundational fraction
concepts from previous grade levels while also engaging in learning experiences with grade-level concepts. The
teacher had taught third, fourth, and fifth grade for 22 years and through our interactions had demonstrated a
sound understanding of all of the fraction concepts in those grades. The author, who works regularly with the
teacher, was there to support the activity.

Vignette 1: Using Virtual Fraction Bars to Explore Decomposing a Fraction

Launch of the Task

One way to use virtual manipulatives in classrooms is to allow students to use it as a tool to explore open-ended
complex tasks that require reasoning and may have multiple correct answers. This lesson took place on the third
day of the fraction unit. During the first two days students had used the virtual fraction bars to explore equivalent
fractions with halves, fourths, and eighths, which is an extension from concepts they learned in third grade. This
lesson started with the fourth-grade teacher displaying the following task:
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Part 1: | have a box of 12 cookies. How many different ways can | repackage the cookies
into two different bags? What fraction of the box is in each of the bags?
Part 2: When the cookies are repackaged, determine which bag has more than half or less than half.

The teacher launched this task by asking students questions from the Three Reads Protocol (San Francisco Unified
School District, n.d.). During the first read, the teacher read the task and asked students, “What is this task about? Go
ahead and talk with your partner.” Students then briefly said things such as, “This task is about cookies,” and “We
have to take 1 bag of cookies and put it into 2 different groups.”

After a minute during the second read, the teacher reread the task and asked, “What does each number mean in the
problem?” The teacher then had students share and facilitated a class discussion where students shared the
following statements:

e There are 12 cookies in the box.
e We need to split the cookies into two bags.

e We need to see which bag has more than half of the cookies. | know that half of the box is 6 cookies since 6 plus 6 is 12.
While the protocol gives teachers the flexibility to read the task a third time and then ask more questions the
teacher decided to let students begin exploring. She said, “Using the virtual fraction bars | want you to go ahead and
begin working.”

Student Exploration of the Task

Students worked in pairs, sharing a device, and all of the students moved the fraction bar with 12 twelfths into the
workspace. When asked why they chose twelfths, a pair of students said, “The box has 12 cookies so 1 cookie is 1/12
of the box.” Another pair of students commented, “We have 12 cookies, so it made sense to use the 1/12 pieces.”
Once students moved the fraction bar with twelfths on it the teacher asked, “Is there anything else in the problem
that we may want to include in our representation?” Students immediately made comments such as, “We should use
the bar with halves on it,” but their explanation only referred to “The problem says 1/2 so | think we should use the
half fraction bars.”

Once students had both the 1/12 and 1/2 bars, students then used the split button located on the fraction bars to
decompose them into smaller pieces. They then moved the pieces and explored finding combinations that worked.
Figure 1 shows an example. Part 1 of Figure 1 shows the fraction bars lined up. Part 2 of Figure 1 shows that the pair
of students decomposed 1 whole into 5/12 and 7/12. By using the halves and lining up the fraction bars they could
tell whether 5/12 and 7/12 were less than, equal to, or greater than one-half.

Figure 1
Screen shot from a pair of students
e Part 1: Lining up 1 whole with halves and twelfths
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e Part 2: Decomposing the 12 twelfths into 5/12 and 7/12

Students continued to explore different ways to break up one whole into twelfths. This was the first day that
students had explored twelfths. The teacher circulated and talked to students. After students the teacher gave
them an extension task:
Take a look at your solutions and see how each of them compares to fourths.
Just write down some ideas about what you notice.

Here is a conversation that took place between the teacher and two students during the extension activity.
Teacher: Tell me what you did.
e Student 1: Like you asked we looked at our solutions and thought about how twelfths compare to fourths.

e Student 2: In this one (points to the picture in Figure 2), we found that we can make fourths out of twelfths.

e Teacher: You said you can make fourths? What do you mean?

e Student 2: Look at this. When we line up three twelfths, that is the same size as one-fourth, so they are equal. That
means that if | need to make a fourth, | could do that by putting three twelfths together.

e Teacher: Do you notice anything about the other twelfths in your picture?

e Student 1: | see that nine-twelfths is the same size as three-fourths.

e Student 2: So, nine-twelfths is equal to three-fourths.

Figure 2
Screenshot relating twelfths to fourths
A 11 1 1 1 1 1 1 1 1 1
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1 1
4 4

All of the pairs of students were able to correctly decompose twelfths into different pairs of fractions and
successfully compare them to one-half. While the teacher intended for this exploration to focus on decomposing
fractions (4.NF.B.3 in Maryland and Common Core State Standards), this lesson had natural extensions to
equivalent fraction concepts (4.NF.A.1 in Maryland and Common Core State Standards).
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Vignette 2: Using Virtual Fraction Bars to Answer a Fraction Comparison Task
Launch of the Task
The lesson began by having students debate the following task:
I need at least 2/3 of a cup of flour to make pancakes.
My flour container holds 1 cup and there is 1/4 of a cup of empty space.
Do I have enough flour?

The teacher displayed this task, read it out loud to the class, and then said, “Please have a conversation with your
table about how you would use math tools or drawings to explore this task.” The teacher circulated and listened to
conversations. Some of the comments from students included:

e We need to draw pictures on graph paper.

e We can just look at the denominators to figure out which piece is larger.

e We can find equivalent fractions and once the denominators are equal, we can compare the numerators.
The teacher invited a few students to share their ideas with the class. Sensing that some students had some
uncertainty about the idea of empty space, she asked, “What does it mean that there is 1/4 of a cup of empty space?”
Students hesitated at first and did not answer. The teacher then said, “If there is 1/4 of a cup of empty space, do we
know how much flour we have?” She continued, “As you start to explore this task, that may be something to think
about.”

The teacher then gave students access to their Chromebooks so that each pair had access to one device. Students
were instructed to open up the Virtual Fraction Bars app. The teacher said: “While we talked about various ways to
explore this task, I would like for you to solve the task two different ways. First, | want you to use the virtual fraction
bars. After that you can use a different strategy on paper to check your work.”

Student Exploration of the Task

As students worked in pairs on this task they used the virtual manipulatives in various ways. One of the two primary
ways included keeping the fraction bars connected and lining them up (Figure 3). When they were lined up and the
teacher asked students what they were looking at here are some responses:

e | know that | need two-thirds. | need to see how that compares to fourths, so | kept the fraction bars connected.
e | know that since four-fourths equals a whole and | have one-fourth of empty space | have three-fourths of a cup.
e | know that if | disconnect the fraction bars, they may look unequal, but they need to look equal since four-fourths and

three-thirds both equals a whole.

Figure 3
Screenshot from students who kept fraction bars connected

1 1 1
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Another strategy that students used was to split the fraction bars into individual pieces and then line them up
(Figure 4). In this case, students were able to orally tell the teacher the amount of flour that they had. One student
whose screen looked like Figure 4 commented, “I know that four-fourths is a whole. If there is one-fourth of empty
space, then | can take one-fourth away. That means | only have 3 one-fourth pieces which is three-fourths.”

Figure 4
Screenshot from students who split fraction bars

1
3
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| have 3/4 of a cup left. That is more than 2/3 so |
have enough flour!

Students who did this talked to the teacher about the benefit of being able to keep track of the value of the
fraction bars more easily. One pair of students who sometimes demonstrates a need for additional learning
opportunities had the following conversation with their teacher:

o Student 1: We know that we needed two-thirds, so we moved two pieces of one-third. We then moved all of the
fourths out but took one of the fourths away since that was the amount of extra space.

e Teacher: How many fourths did you have after you took one-fourth away?

e Student 2: Let me count again. Student counts the three one-fourth pieces.

e Student 2: We have three-fourths. It looks like three-fourths is more than two-thirds.

e Teacher: So, if we go back to the problem how does this picture help us?

e Students look at each other and do not respond.

e Teacher: Why don’t you look at your picture and see what the question is asking?

e Student 1. We know we need two-thirds of a cup, and it looks like we have three-fourths. Based on that picture three-
fourths is more than two-thirds so we should have enough.

e Teacher: [Student 2] can you revoice that in your own words?

e Student 2: Three-fourths is more than two-thirds in our picture, so we have enough.

e Teacher: Go ahead and prove your answer using a different strategy.

As students worked on their second strategy most pairs of students made the exact same representation on
graph paper as the fraction bars on the virtual manipulative. There were three pairs of students who made two
number lines that were each 12 squares wide on graph paper. They plotted both 2/3 and 3/4 to determine that
was larger 3/4 and that they had enough flour.
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Figure 5
Number line comparing 2/3 and 3/4

The following is an excerpt of the conversation that ensued when the teacher asked one of the pairs to share their
work:

e Teacher: Tell me what you did.

e Student 3: We ended up multiplying the denominators 3 and 4 together to get 12 so our number line is 12 squares long.
We then figured out where half was which let us mark fourths since a fourth is half of a half.

e Student 4: | think thirds was hard. We knew we had to break the twelve squares up into three equal parts, so we ended
up trying three squares which didn’t work and then we tried four squares which worked. Now we know that makes sense
since twelve divided by three is four.

e Teacher: So, based on the fact that you have both fractions on the number line how did you answer the question?

e Student 3: The largest fraction is the one farthest from zero, so we know that three-fourths is larger, so we have enough

flour.

Students continued to work with the virtual manipulatives and their second strategy until nearly every pair of students
had explored the problem two different ways. All pairs of students successfully determined that they had enough
flour since 3/4 is larger than 2/3.

Carrying this Work Forward
Both vignettes provided examples of how the virtual fraction bars provided learning opportunities to this class of
fourth-grade students. The virtual fraction bars are an alternative to hands-on concrete fraction bars and provide a
few benefits. First, students were able to quickly represent one whole using different denominators and use the
fraction bars efficiently by using the split button and moving the pieces in the workspace. Whereas, oftentimes in
classrooms, students spend time looking for all the different fraction bar pieces at the beginning of a task which leads
to less time to actually explore and learn math concepts. Second, in Vignette 2, all pairs of students (even those that
typically demonstrate challenges with fractions and other mathematics concepts) were able to correctly use the
fraction bars with relative ease to make a mathematical representation and line the pieces up to compare fractions.
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Students found the virtual fraction bars to be easy to use, and the teacher commented about how they are a quick
go-to. Weeks after the vignettes featured in this article occurred, students had begun utilizing paper-based
representations of fractions. However, the teacher referenced the benefit of being able to quickly pull up the website
and use the virtual manipulatives to facilitate a discussion or address points of confusion.

Recommendations for Open-Ended Learning Environments and Virtual Manipulatives

There are multiple benefits to using Open-Ended Learning Environments (OELEs) and virtual manipulatives in
mathematics classrooms. Of note, the benefit of mathematical reasoning and higher-level thinking skills was
embedded in both lesson seeds (i.e., vignettes). While the teacher could have given the students a simpler one-step
task or activity to do with technology, these classroom experiences involved mathematical tasks that required multiple
steps and reasoning about fractions. In both of these contexts, the technology served as a tool that supported
students' thinking and reasoning and did not do the thinking and problem solving for the students. While multiple
mathematics-learning technologies have been designed to develop students’ basic skills and computation work,
research has cited that technology has a maximum benefit when students use it to generate and use mathematical
pictures and representations related to the concepts that they are exploring (Howerton & Polly, 2023; McCulloch &
Lovett, 2023; Zbiek et al., 2007).

Another noteworthy part of these lesson seeds (vignettes) is the teacher actions included with the use of the
virtual fraction bars. The teacher facilitated learning by launching a task and ensuring that students understood what
the task was asking them to do. Additionally, the teacher observed students and asked a lot of questions to observe
and notice how students were exploring the task and to help clarify their thinking. As is the case with lesson seed
(vignette) #2 with the comparison of fractions, the teacher’s questions helped students to make more sense of what
they did on paper as they orally talked about their strategies and mathematical ideas.

For teachers who may be anxious or unsure about having their students explore mathematics concepts using
virtual manipulatives, this idea can be started with small groups of students instead of first working with whole groups
(Howerton & Polly, 2023; Polly & Castillo, 2024; Polly & Howerton, 2023; Urbina & Polly, 2017). This approach allows
teachers to be in close proximity with students as they work to help them troubleshoot any technology complexities
and also to ask guestions to support their learning.

Lastly, it must be reiterated that students did the “heavy lifting” and the majority of the work in these vignettes.
Students used the technology, reasoned mathematically, and communicated their thinking. As learners of
mathematics concepts, students must be given the opportunity, agency, and support to use technology in meaningful
ways to help them deepen their understanding of mathematics concepts (Polly & Martin, 2024b).
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Abstract
This article explores the integration of "asynchronish" learning, blending synchronous and asynchronous elements
to foster community and engagement in online education, particularly in mathematics education. Leveraging
Garrison's Community of Inquiry (Col) framework, the study examines the use of Slack to bridge traditional
classroom dynamics with digital learning, aiming to create an authentic online environment. By analyzing
collaboration strategies, the research highlights their impact on community building, focusing on the perspectives
of asynchronous pre-service teachers. The findings offer insights into designing online courses that enhance social
presence, belonging, and active participation, contributing to effective online pedagogy.

Introduction
The COVID-19 pandemic has accelerated online education, necessitating engagement strategies that align with
Garrison's Col framework (Garrison, Anderson, & Archer, 1999). This study introduces an “asynchronish” model
using Slack (an online communication platform) to facilitate active participation in teacher education and
mathematics courses, bridging traditional and digital learning environments. This article presents the concept of
"asynchronish" design, aimed at smoothly blending synchronous components within asynchronous online learning
environments. As online enrollment surges (Selvaraj et al., 2021), fostering community in virtual settings becomes
crucial (Lee et al., 2020). We examine how collaboration strategies contribute to community development from
students' perspectives (Martin & Borup, 2022), addressing gaps in literature regarding the Col framework and
student mental health in online settings (Garrison, 2022; Perrotta, 2020).

Our "asynchronish" design integrates synchronous elements into asynchronous learning, using a two-pronged
approach: creating a Slack-based collaborative space for instructors and enhancing the student experience. Slack is
an online platform designed to promote informal collaborative communication between students. Key components
include a designated platform, motivation for participation, and clear guidelines. Slack facilitates inclusive
interactions and discussions, and aids instructors in cultivating genuine remote conversations, addressing
challenges in modern education across traditional and online settings and supporting current and aspiring online
instructors. The incorporation of such platforms in mathematics instruction can offer a contribution to the evolving
landscape of digital education (Garrison & Arbaugh, 2007).

In this article, we explore three key aspects of online education: building a sense of community among students,
promoting social and emotional learning in online environments, and implementing effective collaboration
strategies. Drawing from Garrison's Col framework (Garrison & Arbaugh, 2007), we aim to uncover how these
elements interact and influence the learning process. Specifically, we will analyze their application in the field of
mathematics education to offer practical insights.

After exploring these themes, we will engage in a thorough discussion, connecting our findings to broader
considerations for online education. As virtual learning continues to evolve, it's crucial to utilize established models
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like the Col to inform effective teaching and learning practices. Our research contributes to ongoing conversations
about inclusivity in online education, emphasizing the importance of student engagement, emotional well-being, and
collaborative learning in today's digital landscape.

Framing Community: Community of Inquiry in Online Learning

The Col framework, initially proposed by Garrison et al. (1999), delineates three fundamental presences: Cognitive,
Social, and Teaching. Cognitive presence pertains to the participants' ability to construct meaning through sustained
communication. It involves stages such as triggering events, exploration, integration, and resolution. Social presence
revolves around learners projecting their individual characteristics, fostering a sense of genuine interaction within the
community. Teaching presence encompasses the design, facilitation, and direction of cognitive and social processes
to achieve meaningful learning outcomes. The framework highlights the critical role of intentional course design in
creating a conducive learning environment (Bakir & Phirangee, 2021).

Emotional presence has been proposed as a potential fourth element of the Col and pertains to the outward
expression of emotion and affect in the context of a Col (Swan et al., 2008). This aspect explores how emotions
intersect with online learning and interact with the other presences within the Col framework. Emotional presence
adds a nuanced layer to our understanding of the dynamics within online learning communities, particularly in
relation to the role of instructors and learners in managing emotional experiences (Khazaei & Arefi, 2023).

Social-Emotional Learning During Online Experiences

The mental health of higher education students has garnered significant attention in the post-pandemic era. The
impacts of lockdowns and quarantines have elevated mental health challenges, with estimates suggesting that up to
three in five students now face diagnosable mental disorders (Lipson et al., 2022). Recognizing and addressing these
challenges is paramount, as they directly influence the academic success and well-being of students (Pascoe &
Parker, 2019).

Online learning communities play a pivotal role in supporting the social-emotional well-being of students. Effective
communication and collaboration within learning management systems are vital components of building a strong
digital community. However, it is imperative to consider the limitations of current Learning Management Systems
(LMS) such as Canvas, Blackboard, or Moodle, as some may lack intuitive features for fostering collaborative learning
environments (Mendoza et al., 2021; Santiago et al., 2021). Additionally, the emotional experiences of students in
online environments can vary widely, encompassing positive emotions like joy and pride, as well as negative emotions
such as fear and stress (Swan et al., 2008).

Self-reflection is a crucial component of social-emotional learning, enabling individuals to gain a deeper
understanding of themselves and their motivations. It fosters empathy, which is integral for building positive
relationships and respectful interactions within online communities. Empathy plays a pivotal role in online
interactions, promoting cooperation and unity among participants (Konrath et al., 2011). By encouraging self-
reflection and empathy, instructors can contribute to creating a more supportive and inclusive online learning
environment.
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Collaboration Strategies for Instructors in Online Courses

Instructors employ various collaboration strategies to enrich online learning, aiming to promote deeper
understanding. These include discussion boards, group projects, virtual teamwork, and collaborative document
creation. Problem-solving tasks, where students collaborate to find solutions, foster critical thinking and essential
teamwork skills (Collaborative Learning Builds Deeper Understanding, 2012). Discussion boards enable reflective
discourse and peer-to-peer learning, enhancing engagement and comprehension (Perrotta, 2020). Group projects
cultivate skills like leadership and decision-making, while virtual teamwork platforms bridge distances, fostering real-
time collaboration (Jony & Serradell-Lopez 2019). Collaborative document tools, such as wikis, promote co-authorship
and inclusive learning (Meza et al. 2020). These strategies are crucial for creating dynamic, inclusive online
environments that cater to diverse learning styles and prepare students for success in the digital age (Chung et al.
2022).

Applications of and Reflections on Asynchronish Learning for a Sense of Belonging
We will be discussing two applications of Asynchronish Learning. In Application 1, integrating asynchronous elements
into a STEM literacy course altered students' initial expectations of a purely synchronous online format. Slack, as a
versatile platform, facilitated interactive discussions and fostered a cohesive learning environment through weekly
engagement and student-driven channels, enhancing a sense of connection and support among learners. Meanwhile,
Application 2 delves into the deliberate blend of synchronous and asynchronous components in a Math Education
Master's course. Embracing agile platforms like Slack reshaped students' perceptions of online learning, fostering
increased connectivity, a supportive team dynamic, and a deeper understanding of content. This was done through
collaborative efforts, showcasing the transformative impact of decentralizing learning environments.

Application 1: Fostering Engagement and Building Community in Asynchronish Learning Environments
Over the past four years, we have introduced asynchronous activities into a STEM literacy course for pre-service
teachers. Initially, students expect a fully synchronous online format. However, after reviewing the course design, they
realize that it is intentionally structured with both synchronous and asynchronous components. These include regular
virtual small group sessions, weekly live meetings with the instructor, individual self-paced coursework, peer reviews,
and informal interactions facilitated through the Slack Learning Management System (LMS) platform.

Slack has served as a hub for content storage, asynchronous discussions, and weekly synchronous conversations.
These live discussions occurred for 25 minutes each week, during which students engaged in directed topics while
being actively present on Slack. Figure 1 shows a conversation between two students around a misconception of a
mathematical term. The channel feature in Slack aids in organizing the class by week and fosters genuine
conversations through threaded responses encompassing text, video, audio, emojis, gifs, etc. Moreover, students can
create their own channels, promoting informal connections. Establishing a general channel for casual check-ins
further enhances connectivity. Additionally, direct messaging allows swift and informal communication between
students and the instructor.
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Figure 1
Sample Slack Conversation between Students

ﬁ Hey (-\ | just posted a student’s work sample that shows a common misconception: "Multiplication always makes numbers bigger.” What are your thoughts on why
students might develop this belief?

110 A
g Great al:servation-ﬂ:is miscenception often stems from early math experiences where students primarily encounter multiplication with whole numbers, They
haven't yet explored scenarios with:
& Multiplying by fractions
e Multiplying by decimals
o Multiplying by numbers less tham 1
I'm thinking we could design an activity that explicitly challenges this assumption, What approaches do you see for addressing this? (o)
L tE by g a0 a
ﬁ Brilliant point! I'm imagining a visual demonstration using number lines or area models. For instance. showing 0.5 = & or 0.2 * 4 to illustrate how multiplication can result in
smaller mumbers,

A o

Lowve it! This ties perfectly into our “asynchronish” approach, Students could:
1. Post their initial misconception

2. Collaborate on visual proofs

3. Record short explanatory videos

4. Provide peer feedback

The asyne format lets them process and reflect at their own pace. led

ﬁ [

Exactly! We're creating a low-risk environment for mathematical exploration. The technology enables conversation but doesn't force synchronous interaction.

Students have reported that while adapting to a new technology can be initially challenging, this informal mode of
communication has made them feel more engaged with the class compared to other online courses. They highlight
the significance of organization and seamless communication, attributing these factors to feeling supported and part
of a cohesive team. As one student noted in a Slack discussion from Figure 1 about mathematical misconceptions,
"The async format lets them process and reflect at their own pace," highlighting how the platform enables both
individual reflection and collaborative learning. Furthermore, students express how they initially felt anxious about
taking an online course due to previous negative experiences, but this format has reshaped their perspective on the
benefits of online learning. As illustrated in Table 1, we systematically mapped how each component of our course
design supported the three presences of the Col framework through specific implementations and platform features,
leading to measurable outcomes in student engagement and learning.

Reflecting on Garrison's Community of Inquiry (Col) model across eight semesters of implementation, we have
observed how the three core presences—teaching, social, and cognitive—interact within our asynchronish learning
environment. Teaching presence manifested through structured weekly discussions and clear guidelines, while social
presence emerged through students' authentic interactions in both formal and informal Slack channels. Cognitive
presence developed as students engaged in sustained discourse, moving from initial exploration to integration and
resolution of ideas. In mathematics education specifically, this sustained discourse proved particularly valuable as
students worked through complex mathematical concepts, sharing multiple solution strategies and constructing
understanding collaboratively. Traditional Learning Management Systems often fall short in facilitating these
presences simultaneously, particularly in supporting the kind of fluid, multi-modal interactions that foster authentic
social presence. This limitation is especially pronounced in mathematics courses, where the ability to share
mathematical notation, diagrams, and real-time problem-solving processes is crucial.
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Table 1
Col Framework Implementation in STEM Literacy Course

Col Presence Asynchronish Platform Observed
Implementation Features Outcomes
Teaching ¢ Weekly 25-minute live ¢ Organized weekly Enhanced instructor
Presence discussions Slack channels accessibility and
e Structured weekly ¢ Direct messaging for consistent guidance
topics instructor support
¢ Clear participation e Content storage
guidelines capabilities
Social Presence e Student-created e Threaded responses Increased peer
channels e Emoji/GIF support connections and
¢ Informal check-in e Audio/video sharing community building
spaces

¢ Multi-modal
communication

Cognitive ¢ Self-paced e Asynchronous Deeper content
Presence coursework discussion threads engagement and
e Peer reviews e Document sharing knowledge construction
e Small group e Collaborative
discussions workspaces

Our findings align with Garrison and Arbaugh's (2007) assertion that successful online learning communities require
intentional integration of all three presences. The significance of cultivating such a comprehensive classroom
community extends beyond mental well-being, directly supporting the cognitive development process through
collaborative knowledge construction. This collaborative construction is particularly powerful in mathematics
education, where students benefit from seeing multiple approaches to problem-solving and engaging in mathematical
discourse with peers. Student feedback consistently highlighted how the platform's ability to support both immediate
and reflective interactions enhanced their learning experience, demonstrating the symbiotic relationship between
social presence and cognitive development in the Col framework. Students specifically noted how the ability to post
mathematical questions, receive timely responses, and engage in extended mathematical discussions helped deepen
their understanding of complex concepts. This observation reinforces recent research suggesting that emotional
presence may indeed constitute a fourth crucial element of the Col model (Swan et al., 2008), as students' sense of
connection and belonging directly influenced their willingness to engage in deeper learning processes, particularly
important in mathematics where anxiety and confidence issues often create barriers to learning.
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Application 2: Embracing Agile Platforms and Cultivating Collaborative Learning Communities

In our online Math Education Master's course, we utilized Slack to purposefully blend synchronous and asynchronous
elements. Threads of a discussion board were broken down into informal conversation where students were able to
share their experiences either while all were online, or when students had a chance to reply later in the week. This
decision was rooted in the Col framework which highlights the importance of social presence (Garrison et al., 1999).

The course structure encompassed various components such as weekly discussions, live whole-class meetings, self-
paced work, and peer reviews. However, at the heart of the design was the utilization of the Slack platform. We
deliberately set up different channels within Slack to cater to diverse needs, including course content, discussions,
informal chat, and student-generated topics. To ensure active participation, students were expected to engage in
discussions, guided by provided grading rubrics. As shown in Table 2, we organized these course elements according
to the Col framework, documenting how each asynchronish strategy was implemented and its subsequent impact on
student learning and engagement.

Table 2
Col Framework Analysis in Math Education Master's Course

Col Element

Asynchronish
Strategy

Implementation
Method

Impact on Learning

Structured weekly prompts

Dedicated content
channels

Students reported clearer

Extended math discussions

Progressive knowledge
building

Teaching : ; Regular announcement | understanding of
Grading rubrics . .
Presence . . . posts expectations and learning
Facilitated discussions . . . -
Guided discussion objectives
threads
Real-time and
asynchronous
y "l felt more connected to
. Informal chat channels responses .
Social : ; : . my classmates than in
Student-generated topics Multi-modal interaction .
Presence . e . other online courses
Flexible participation times options
. because of the constant
Personal sharing
spaces
Threaded technical
Peer review activities discussions "Discussing the content in
Cognitive Collaborative problem- Shared resource Slack really improved my
Presence solving libraries understanding"
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We opted for Slack due to its user-friendly interface, threaded commenting feature, and versatility in fostering
different types of interactions (see Figure 2). Instructors also reported that the Slack platform facilitated more
engaging discussions and a stronger sense of community among students compared to traditional LMS tools,
particularly in mathematical discourse. The flexible and informal nature of Slack conversations contributed to
increased student participation and connectedness, allowing students to work through mathematical concepts at
their own pace. For example, when exploring linear functions, students could post their initial equations, share their
reasoning step-by-step, and collaboratively refine their mathematical thinking. Our aim was to establish an authentic
online community where mathematical discourse could flourish, despite the asynchronous nature of the course. Clear
guidelines were distributed to facilitate constructive and respectful discussions among students, with specific
attention to mathematical communication norms and notation.

Figure 2
Sample Slack Interaction

Josie Smith 1112 .4
(@debayd, I've been analyzing the charity walk fundraising scenario. Here's my initial linear function: Total Raised = 10x + [5 * 5)x Where x = number of participants

‘e debayd 11:12am

! | Mice start! Let's break that down:
» 310 registration fee per participant
* 15 pledge per km

» 5 kmwalk
So your function simplifies to: Total Raised = (10 + 25)x = 35x
Josie Smith 1112 .04
Exacthy! This showcases how async platfarms like Slack allow for step-by-step collaborative problem-solving. Students can see the mathematical thinking evolve.
g | debayd 111240
|

And look how naturally we explored the function's parameters. In a synchronous setting, this might feel more pressured. Here, we're building knowledge collaboratively without
real-time constraints.

Josie Smith 1113 a4

Perfect example of our "asynchronish® appreach - technolegy facilitating meaningful mathematical discourse, not dictating its form.

Initially, students faced challenges adapting to the new platform; however, they soon recognized the value of the
connections and conversations it facilitated, especially for mathematical problem-solving. As demonstrated in a
discussion about linear functions, one student noted, "This showcases how async platforms like Slack allow for step-
by-step collaborative problem-solving. Students can see the mathematical thinking evolve." Another student observed
that "In a synchronous setting, this might feel more pressured. Here, we're building knowledge collaboratively without
real-time constraints." These comments highlight how the platform's asynchronish nature particularly benefits
mathematics learning, where students often need time to process concepts and formulate responses. From an
instructor's perspective, managing discussions on the platform proved to be demanding in terms of time and effort,
particularly when monitoring the accuracy of mathematical content and ensuring productive mathematical discourse.
Nevertheless, the depth of peer collaboration and exchange indicated a strong sense of social presence within the
community, with students actively engaging in mathematical reasoning and problem-solving discussions. Looking
ahead, introducing student moderators with strong mathematical backgrounds could alleviate some of the workload
and enhance scalability while maintaining the quality of mathematical discourse.
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Limitations

Our design approach has been applied across various educational settings over several years, primarily with graduate
students and experienced educators. The student feedback reported in this study was gathered through mid-year
and end-of-course evaluations. The responses were analyzed using thematic coding to identify common themes and
patterns. While it has also been used in an undergraduate STEM literacy course, introducing this method to other
undergraduate or younger student cohorts might present challenges that were not encountered in our previous
contexts. The success of this approach has been closely linked to the learners' roles as practitioners in specific
scenarios. As a result, extending its applicability beyond adult learners or those in practice-based roles may present
limitations.

Discussion
The research findings highlight the transformative potential of asynchronish learning approaches in online education,
aligning with Garrison's Col framework (Garrison et al., 1999). These approaches emphasize the significance of
fostering a sense of belonging and community within virtual learning environments. Integrating collaboration
strategies such as peer reviews and course discussions (Lee et al.,, 2020) contributes significantly to the development
of a supportive and engaging online learning atmosphere. These findings were evident in Application 1, where
students reported feeling more engaged through informal Slack communications compared to traditional online
courses. The combination of synchronous virtual small groups and asynchronous components helped create a
balanced learning environment, while dedicated Slack channels fostered genuine community building.

The exploration of the Col framework showcases its relevance to online learning environments, emphasizing
cognitive, social, and teaching presences (Garrison et al.,, 1999). Recognizing the role of emotional presence in this
framework adds depth to understanding online learning communities (Swan et al., 2008). Application 2's Math
Education Master's course successfully integrated all three presences through guided discussions and peer reviews,
while social presence was enhanced through informal channels and student-generated topics. Teaching presence
was maintained through clear guidelines and rubrics for participation.

Furthermore, addressing mental health challenges faced by higher education students in the post-pandemic era
(Lipson et al., 2022; Pascoe & Parker, 2019) underlines the importance of social-emotional learning online. Both
applications demonstrated how intentional platform selection can address these challenges. Students who initially felt
anxious about online learning reported feeling supported, while Application 2 showed how informal conversations
helped students build stronger peer connections. Effective communication within learning management systems
supports students' well-being (Santiago et al.,, 2021). Encouraging self-reflection and empathy among instructors
creates a more inclusive environment (Konrath et al., 2011).

Instructors play a crucial role in implementing various collaboration strategies (Garrison et al., 1999) to facilitate active
engagement and critical thinking. This was evidenced through intentional course structuring in both applications.
While Application 1 utilized virtual small groups and weekly meetings, Application 2 demonstrated how instructor-
guided discussions could facilitate deeper peer collaboration. Both cases showed that the resulting student
engagement justified the additional instructor effort required. Understanding these strategies empowers instructors
to create dynamic online learning environments (Swan et al., 2008).
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Implications
This study emphasize the need for intentional course design that fosters conducive learning environments,
prioritizing community-building and collaborative experiences. Leveraging the Col model and integrating social-
emotional learning are essential to creating effective online environments that promote student engagement. Future
research should explore the adaptability of the "asynchronish" approach across different educational contexts and
investigate the role of emotional presence in online learning communities. These studies could provide valuable
insights into enhancing collaborative environments in diverse educational settings.
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